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1. Abstract
Stochastic Differential Equations (SDEs) driven by a Brownian
motion or a more general Levy process arise in many
applications for the description of random-phenomena treated
in physics, engineering, economics and mathematical finance.
In recent decades, the subject of stochastic differential equations
is gaining much impact and attention [1,49] and surveys
[6,41,50,51] with references therein. Moreover, the study of
numerical solutions of stochastic differential equations have
been progressed considerably in the last few years [18,25,50,5254]. In [41] some discrete approximation methods are explained
for solving stochastic differential equations, with additional
requirements [54]. Misawa [42] proposed the formulation
of composition methods for solving stochastic differential
equations. Li et al [53,54] proposed explicit numerical
approximations for stochastic differential equations in finite
and infinite horizons. Efficient methods based on Runge-Kutta
methods were proposed [29,32,39,44,55-59].
Fractional calculus provides a powerful tool to model
various phenomena in viscoelasticity, fluid mechanics,
biology, chemistry, control theory and other areas of science.
Mathematical folklore sets the birth of the concept of fractional
calculus in the year 1695 by the answer to a question raised
by L’Hôpital (1661-1704) to Leibniz (1646-1716), in which he
sought the meaning of Leibniz’s notation
for derivatives
ifn= , ….In this reply, date 30 September 1695, Leibniz wrote
to L’Hôpital “ This is an apparent paradox from which, one day,
useful consequence will be drawn…”.
Spectral methods have become increasingly popular in recent
years, there are three most commonly used spectral versions,
namely the Galerkin-type, Tau and collocation methods. Among
Copyright: © 2019 Kouhkani S, et al.

these is the Tau method extensively applied for the numerical
solution of differential equations [60-65]. It was introduced by
Lanczos [66] in 1938 for solving ordinary differential equations.
In 1981, Ortiz and Samara [67] presented a new approach to
the Tau method by proposing an operational technique for the
numerical solution of a single nonlinear ordinary differential
equation with some supplementary conditions. Cruz-Santiago
et al [68] showed later that it is not necessary to employ a
complicated reformulation of this Lanczos process to construct
polynomial solutions of ordinary differential equations.
During the last thirty years’ considerable work has been done
in the development of the Tau method technique in theoretical
analysis and numerical applications [61,62] for numerical
solution of many problems such as integro-differential
equations [62,69,70] etc.
The main objective of the present work is to develop an
operational approach of Tau method for solving fractional
stochastic integro-differential equations. The main
characteristic behind the approach using this technique is
that it can transform the problems into a system of algebraic
equations wherein its solution is easy. We chose the (n-m+1)
nodes of the shifted Chebyshev polynomials as suitable
collocation nodes. This method provides an accurate numerical
solution of fractional stochastic integro-differential equations
and the accuracy of the proposed method is demonstrated by
several examples.
The article is structured as follows. In section 2, we introduce
some essential definition and preliminary notations. In section
3, we study the operational Tau method. The operational Tau
method to approximate the equation (6.1) below, is utilized
in section 4. In section 5, an error estimation and a scheme
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of convergence of proposed method is presented. Section 6 is
devoted to some numerical examples.

4. Basic Definitions
In this section, we state some basic definitions, notations and
fundamental assumptions, as needed in the sequel. There
are several approaches to the generalization of the notion of
differentiation to fractional orders e.g. the Riemann- Liouville
and the Caputo approach.
4.1. Definition: The Riemann-Liouville fractional integral
operator of order 𝜃  (𝜃>  0)  is  defined  as  
𝐽𝛼𝑓(t)  = 

𝛼,  𝑡>  0,  

(4.1)	

𝐽0𝑓(𝑡)  = 𝑓(𝑡).    

(4.2) 

Here Γ is the Gamma function. Some of the most important
properties of the operator 𝐽𝜃  for  𝑓(𝑡),  are as  follows

i)	

𝐽𝛼𝐽𝜃𝑓(𝑡)  = 𝐽𝛼+𝜃𝑓(𝑡)

iii)	

𝐽𝜃𝐽𝛼𝑓(𝑡)  = 𝐽𝛼𝐽𝜃𝑓(𝑡). 

ii)	

4.2. Definition:The Caputo fractional derivatives of order 𝜃 
of 𝑓(𝑡)  are  defined  as  
, 𝑡> 

(4.3)

for 𝐷𝑛  is  the  classical  differential  operator  of  order  𝑛.  Also 
					

Where

and

.

4.4. Definition: Let (𝛺,  𝐹,  𝑃)  be a  probability space  with 
filtration {ℱ𝑡}𝑡≥0. The Brownian motion B is a stochastic
process with the following properties [51]:

1.

𝐵(0)  =  0. 

2.

𝐵(𝑡)  − 𝐵(𝑠),  𝑡>𝑠 is  independent  of  ℱ𝑠. That means
for 0 <𝑢<𝑣<𝑠<𝑡<  ∞,  the increments  𝐵(𝑡)  −  𝐵(𝑠)  and𝐵(𝑣)
− 𝐵(𝑢)  are  independent.

3.

𝐵(𝑡)  − 𝐵(𝑠)  is  normal  distributed  with  mean 0  and
variance 𝑡 −  𝑠.  

4.

𝐵(𝑡),  𝑡 ≥ 0  are  continuous  functions  of t.

4.5.Definition:Anintegral of the form
where
𝐵(𝑡)  denotes  the  Brownian  motion  process  can  be  defined 
in various ways. This integral can be approximated as
.		

𝐽𝛼𝑡𝛾= 

𝐷𝛼𝑓(𝑡)  = 𝐽𝑛−𝛼𝐷𝑛𝑓(t)  = 
0, 𝑛 − 1  <𝛼<𝑛.				

(4.5)	

		

(4.4)

for 𝑁  =  1,2,  …  and 𝑁0 = 0,1,2,  …,  while  ⌈𝛼⌉  and  ⌊𝛼⌋  are the
floor and ceiling function, respectively.
4.3. Definition: The well-known Chebyshev polynomials
𝑇𝑛(𝑥),  defined  on  the  interval  𝐼  = [-1,1]  have  the  following 

properties

𝑇0(𝑥)  =  1,  𝑇1(𝑥)  =  𝑥,  …,𝑇𝑛+1(𝑥)  =  2𝑥𝑇𝑛(𝑥)  −  𝑇𝑛−1(𝑥),

In order to use these polynomials on the interval 𝑥∈  [0, 
𝐿]  we  define  the so-called shifted  Chebyshev  polynomials 
by introducing the change of variable 𝑡  = 
. Let
denote 𝐿  the shiftedChebyshev  polynomials  obtained  as 
follows

(4.6)

where 𝜏𝑖  is  chosen  arbitrary  in  the subinterval  [𝑡𝑖−1, 𝑡𝑖] of
the partition 𝑎=  t0< t1< … <𝑡𝑛 = 𝑏.If  𝜏𝑖 is taken as 𝑡𝑖−1, (4.6)
is an Itȏ integral [4,47,71,72] and if
, (4.6) is a
Stratonovich integral[12,55,73].

5. The Operational Tau Method

In this section, we state some relevant properties of the
operational Tau method. Let 𝜑(𝑡)  and  𝜓(𝑡)  be  integrable 
functions on [𝑎,  𝑏],  we  define  the scalar  product  <,  > by
where
function.
Let

and 𝜔(t)  is  a  weight 

[𝑎,  𝑏]bethespaceof  all  functions
with
.The main idea of the method is to approximate
. Let us consider

Where

		

(5.1)

is a vector of unknown coefficients and
where denotes the transpose. In practice,
only the first (m+1)-terms are considered [61,63,74,75].
The Tau method is designed to convert linear or non-linear
differential equations, delay differential equations or a
system of these equations to a system of linear algebraic
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The function of 𝑔(𝑡) can be approximated as,

equations based on three simple matrices

In the sequel we need operators on polynomials, stated in
a lemma as follows.
5.1. Lemma

Where,

			(6.5)
.

In order to approximate
approximate
by the Tau method,

. first of all, we
(6.6)

Suppose that 𝑓(𝑡)  is  a polynomial  of  the  form
, then we have
r=0,1,2,3, …	

(5.2)

𝑝  is  matrix 𝑝	 

(5.4)

			s=0,1,2,3, …	
For a proof see [63]

		

(5.3)

6. Analysis of the Solution Method
The purpose of this section is to analyze a numerical
solution of the following fractional stochastic integrodifferential equation
𝑡∈  [0,1],				

(6.1)

by using the operational Tau method. Where 𝑔(𝑡),  𝑘1(𝑡,𝑠) 
and 𝑘2(𝑡,𝑠)  are  given  functions  on  the same  probability 
space (𝛺,𝐹,𝑃),  𝑓(𝑡)  is  the  unknown  function  and  𝐵(𝑡) is  a 
Brownian motion also, 𝑡,𝑠∈  [0,1]  are  variables. 

In order to use the proposed method, we pursue the
following process. By equation (4.3), (5.1) and (5.4), we
first approximate
as [74]

By definition (3.1) and relation (iii) we obtain:

(6.2)
(6.3)

Substituting equation (6.6) and (5.1) yields [62]
				
					
(6.7)

Now we approximate the second integral in equation (5.1)
by approximating first the 𝑘2(𝑡,𝑠)  by the  Tau  method,
(6.8)

Employing equations (4.6), (5.1) and (6.8) in the second
integral yields,
					

. (6.9)

Where
in the subinterval
of the partition
in which the
Brownian motion has normal distribution [72] as follows
By substituting equations (5.4), (5.5), (5.7), (5.9) in
equation (5.1) we have,

and

.

Then, by substituting equation (6.3) in equation (6.2), we
have

(6.4)
.					

.				 (6.10)
					
We collocate equation (5.10) at (𝑚  +  1)  points 
0,1,2,…,𝑚  −  𝑟  + 1 as

, 𝛿  = 

(6.11)
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For suitable collocation points, we use roots of shifted
. Equation (4.11),
Chebyshev polynomials
together with 𝑟  equations  of  initial  and  boundary  conditions 
give (𝑚  +  1)  equations.
7. Error Analysis

In this section, an error estimation for the approximate
solution is provided. In [72], Taheri at al proposed a
convergence analysis for solving SIFDEs by spectral
collocation method based on the shifted Legendre
polynomials. They applied the error function which we
describe it in the following to obtain an upper bound for
the estimated error. Also, in [76], Mirzaee and Samadyar
discussed an error estimation of the method based on
strictly positive definite RBFs for fractional stochastic
integro-differential equations.
We expand a general scheme to estimate the error of
our method from [77]. Let us write the residual 𝑅(𝑥)  of 
equation (5.1) as
(7.1)
			
					
Which

.

To obtain an error estimation for the approximate solution
of equation (6.1) with supplementary conditions, let us
call
the error function of the Tau
approximants
to
is the exact solution of equation
(6.1). Therefore,
satisfies the following equation
, 			

(7.2)

Which
is the perturbation term.
is chosen in such
a way that the residuals of
match the component of
belonging to .

Now, by subtracting equation (6.2) from equation (5.1) we
have
,

or
			

(7.3)

.				

(7.4)

So, we can rewrite equation (6.3) in the following form
So, we can write

(7.5)
					
					

To estimate 𝐸1,𝐸2  and  𝐸3,  we state some  properties  that 
can be found in [79,80].

7.1. Definition: Sobolev pace on𝐼  =  [0,1],  𝐻𝑚(𝐼)is  a  Hilbert 
space with the norm as

7.1.1. Lemma: (Sobolev inequality) Assume (𝑎,𝑏)  be  a
bounded interval of the real line for any function 𝑓∈𝐻1(𝑎,𝑏) 
the following inequality holds So,
from [79] we have
						
for the 𝐸2 from [79] and [80] we have

(7.6)
(7.7)

			

which 𝐿1 and 𝐿2 are Lipschitz constants and

					
(7.8)
					
The proof of (7.6)- (7.8) can be found in [79-80].

If we consider two successive polynomial approximations
and
then the maximum of
is obviously
greater than (or equal to) that of
so we have
7.2. Definition: Given two expansion 𝑓𝑖(𝑡)  and  𝑓𝑗(𝑡),  define 
𝜇𝑖,𝑗 to be the maximum deviation of one from the other, i.e.
7.3. Definition:For the error functions 𝑒𝑖(𝑡)  and  𝑒𝑗(𝑡),  where 
𝑗>𝑖,  define  the  parameter  𝜌𝑖,𝑗 to be

where𝑒𝑖(𝑡)and𝑒𝑗(𝑡)are  obtained  by  equation  (7.5).  It 
follows that
and
we have the
following proposition.

7.3.1 Proposition: Suppose that 𝑛  is  given,  choose  an  integer 
𝑚  ≥ 1 such  that  𝜇𝑛,𝑛+𝑚  is  negligible  compared  to  unity, 
then an upper for the maximum error ‖𝑒𝑛‖  is  obtained  as
We

.

continued

our method while the condition
satisfied for a preassigned positive .
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8. Numerical Results and Comparison
In this section some numerical examples are given to
illustrate the high accuracy of the method. We present also
a comparison between our described technique and the
proposed method in [72].
8.1. Example

Consider the following fractional stochastic integrodifferential equation [72,76]
,

Where the exact solution with 𝜃  =  0.75,  𝜎  = 0 is  𝑓(𝑡)  =  𝑡3.

We have solved this problem for 𝛼  =  0.75,  𝜎  = 0,  by  applying 
the technique described in section 4 with 𝑚  =  3.  (Figure  1) 
shows the numerical solution for 𝛼  =  0.75  and  𝜎  = 0.
Here we have, Now, by applying Eq (20) we have,

5
The behaviors of approximate solutions using the proposed
method for 𝜎  =  1,𝛼 = 0.75  with 𝑚 =  8,11  are  presented  in
(Figures 2).
Furthermore, to make a comparison, you can see the
approximate solution by the presented method in [72].
8.2. Example

Consider the following FSIDE [72-76]
,

with 𝑓(0)  =  0.  This  FSIDE  does  not  have  analytical solution. 
The numerical results for 𝑓(𝑡)  by  our  presented  method 
for 𝛼  =  0.25,0.5,0.75  with  𝑚  = 8 are  plotted  in  (Figure 
3). Moreover, in order to compare our method with the
method of P panels M-point Newtoncotes, you can see [72].
In [72], Taheri at al obtained the results with 𝑚  =  15  while 
we obtained our result in (Figure 3) by Tau method with
𝑚  =  8.  These  results  demonstrated  the  validity  and  high 
accuracy of our presented method.

Figure 1: The graph of the approximate solution of example 1 for 𝛼  =  0.75, 
𝜎  =  0  with  m=3
Figure 2: The graph of the approximate solution of example 1 by Tau
method for 𝜎  =  1,  𝛼 = 0.75  with 𝑚 =  8,11.

1.37025𝑓0 − 0.647601𝑓1 − 1.68156𝑓2 − 2.15665𝑓3 +
2.15665 = 0

0.64308𝑓0 − 0.84081𝑓1 − 1.11271𝑓2 − 1.02562𝑓3 +
1.02562 = 0

0.110005𝑓0 − 0.807653𝑓1 − 0.406181𝑓2 − 0.167184𝑓3 +
0.167184 = 0

0.00147926𝑓0 − 0.4874𝑓1 − 0.0297136𝑓2 − 0.00150945𝑓3
+ 0.00150945 = 0

Figure 3: The graph of the approximate solution of example 2 by the Tau
method for 𝛼  =  0.25,  0.5,  0.75  with  𝑚  = 8.

And from this obviously follows
which is the exact solution.
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6. Kloeden PE, Platen E. A survey of numerical methods for stochastic
differential equations. Stoch. Hydrol. Hydraul. 1989; 3: 155-78.
7. Bally V. Approximation for the solutions of stochastic differential
equations. i: l p-convergence. Stochastics Stoch. Reports. 1989; 28: 20946.
8. Bally V. Approximation for the solutions of stochastic differential
equations: ii strong convergence. Stochastics Stoch. Reports. 1989; 28:
357-85.

Figure 4: The graph of the approximate solution of example 3 for 𝛼  =  0.25, 
0.5 with m=10.

8.3. Example

equations. III: Jointly weak convergence. Stochastics and Stochastics
Reports. 1990; 30: 171-91.
10. Kurtz TG, Protter P. Weak limit theorems for stochastic integrals

Let us consider the following FSIDE [72]

and stochastic differential equations. Ann. Probab. 19911; 9: 1035-70.

,
with 𝑓(0) = 0.

For solving the example 6.3 we apply the presented method
and take 𝑘2(𝑡,𝑠) = 1. This problem has been solved for 𝛼 = 0.5
with 10 m= and the results are shown in (Figure 4). Moreover,
you can see the solution of this equation by the method of P
Panels M-point Newton-cotes in [72].

9. Conclusion
In this paper, we presented a technique based on the operational
matrices of the Tau method to approximate numerical solutions
of fractional stochastic integro-differential equations. This
method reduced the FSIDEs into a system of linear algebraic
equations. The numerical results demonstrated that this
approach solves the problems of fractional stochastic integrodifferential equations effectively.
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